Abstract. In this article, for a compact special Legendrian submanifold with boundary of contact Calabi-Yau manifolds we study the deformation of it with boundary confined in an appropriately chosen contact submanifold of codimension two which we also a scafford (Definition 2.3) by analogy with [A.Butsher, Deformations of minimal Lagrangian submanifolds with boundary, Proc. Amer. Math. Soc. 131(2002Soc. 131( ) 1953Soc. 131( -1964. Our first result shows that it cannot be deformed, and the second claims that deformations of such a special Legendrian submanifold forms a one-dimensional smooth manifold under suitably weaker boundary confinement conditions. They may be viewed as supplements of the boundless case considered by Tomassini and Vezzoni [Contact Calabi-Yau manifolds and special Legendrian submanifolds, Osaka
Introduction and main results
The calibrated geometry was invented by Harvey and Lawson in their seminal paper [5] . A class of important calibrated submanifolds is special Lagrangian submanifolds in Calabi-Yau manifolds. Let (M, J, ω, Ω) be a real 2n-dimensional Calabi-Yau manifold. A special Lagrangian submanifold of it is a submanifold L with ω| L = 0 and Im(Ω)| L = 0. In 1996 McLean [10] developed the deformation theory of special Lagrangian submanifolds (and other special calibrated submanifolds) and showed:
McLean Theorem ( [10] ). A normal vector field V to a compact boundaryless special Lagrangian submanifold L in (M, J, ω, Ω) is the deformation vector field to a normal deformation through special Lagrangian submanifolds if and only if the corresponding 1-form (JV ) ♭ on L is harmonic. There are no obstructions to extending a first order deformation to an actual deformation and the tangent space to such deformations can be identified through the cohomology class of the harmonic form with H 1 (L; R).
Since then the theory is generalized to various situations. See [6, 7, 13] and references therein. For example, S. Salur [14] generalized McLean theorem to symplectic manifolds. We here only list those closely related to ours. The first one is the case of compact special Lagrangian submanifolds with nonempty boundary considered by Butsher [1] . He called a submanifold L in the Calabi-Yau manifold (M, J, ω, Ω) minimal Lagrangian if ω| L = 0 and Im(e iθ Ω)| L = 0 for some θ ∈ R. If L is a Lagrangian submanifold of (M, ω) with nonempty boundary ∂L and N ∈ Γ(T ∂L L) is the inward unit normal vector field of ∂L in L, he defined a scaffold for L to be a submanifold W of M such that ∂L ⊂ W , the bundle (T W ) ω is trivial, and that N is a smooth section of the bundle (T ∂L W ) ω .
Butsher Theorem ( [1] ). Let L be a special Lagrangian submanifold of a compact Calabi-Yau manifold M with non-empty boundary ∂L and let W be a symplectic, codimension two scaffold for L. Then the space of minimal Lagrangian submanifolds sufficiently near L (in a suitable C 1,β sense ) but with boundary on W is finite dimensional and is parametrized over the harmonic 1-forms of L satisfying Neumann boundary conditions.
The work inspired Kovalev and Lotay [8] to study the analogous deformation problem of a compact coassociative 4-fold with boundary inside a fixed coassociative in a 7-manifold with closed G 2 -structures. Recently Gayet and Witt [3] also investigated the deformation of a compact associative submanifold with boundary in a coassociative submanifold in a topological G 2 -manifold.
As a natural generalization of the Calabi-Yau manifolds in the context of contact geometry Tomassini and Vezzoni [17, Def.3.1] introduced the notion of a contact Calabi-Yau manifold, cf. Definition 2.1. Let (M, η, J, ǫ) be a (2n + 1)-dimensional contact Calabi-Yau manifold, and j : L ֒→ M be a compact special Legendrian submanifold without boundary (cf. Definition 2.2). Two special Legendrian submanifolds j 0 : L ֒→ M and j 1 : L ֒→ M are called deformation equivalent if there exists a smooth map F : [17, Def.4.4] ). If there exists a diffeomorphism φ ∈ Diff(L) such that j 1 = j 0 • φ we say j 0 and j 1 to be equivalent. This yields an equivalent relation ∼ among all embeddings from L to M . Let M(L) be the set of special Legendrian submanifolds of (M, α, J, ǫ) which are deformation equivalent to j : Motivated by the above works, we study in this paper the local deformations of compact special Legendrian subamnifolds with (nonempty) boundary. Different from the case ∂L = ∅ considered by Tomassini and Vezzoni [17] , it is showed in Remark 5.1 that the moduli space M(L) is infinite dimensional.
In order to get intersecting results it is necessary to add some boundary conditions. Inspired by [1, Def. 1] we introduce a notion of scaffold for L in Definition 2.3, which is a suitable contact submanifold W of codimension two. Two special Legendrian submanifolds j 0 : L ֒→ M and j 1 : L ֒→ M with j 0 (∂L) ⊂ W and j 1 (∂L) ⊂ W are called deformation equivalent if there exists a smooth map F :
The Moduli space of special Legendrian submanifolds which are deformation equivalent to j : L ֒→ M with j(∂L) ⊂ W is defined as M(L, W ) := special Legendrian submanifolds of (M, α, J, ǫ) which are deformation equivalent to j : L ֒→ M with j(∂L) ⊂ W and are near j / ∼ .
Our first result is Theorem 1.1. Let (M, J, α, ǫ) be a contact Calabi-Yau manifold, and L be a compact special Legendrian submanifold with nonempty boundary ∂L inside a scaffold W of codimension two. Then L cannot be deformed as a special Legendrian submanifold with boundary confined in W . In other words M(L, W ) only consists of the class of j. This is in contrast with the case of compact boundless special Legendrian submanifolds considered in Tomassini-Vezzoni Theorem. Such a local rigidity is similar to the case of a compact simply connected boundless special Lagrangian submanifold in McLean Theorem, and a stable result of minimal submanifolds proved by Simons [16] . Now we turn to consider weaker boundary conditions. Let (M, α, J, ǫ) be a (2n + 1)-dimensional contact Calabi-Yau manifold, and L ⊂ M be a compact special Legendrian submanifold with (non-empty) boundary. A normal vector field V to L is called boundary α-constant if α(V )| ∂L is constant. The following result, which is stated in a similar way to McLean Theorem above, is similar to that of Tomassini and Vezzoni [17] . Theorem 1.2. Let (M, α, J, ǫ) be a (2n+1)-dimensional contact Calabi-Yau manifold, and and L ⊂ M be a compact special Legendrian submanifold with (nonempty) boundary. A boundary α-constant normal vector field V to L is the deformation vector field to a normal deformation through special Legendrian submanifolds if and only if α(V ) is constant. Moreover the tangent space to such deformations can be identified with R.
The key points in the proof of Theorems 1.1 and 1.2 are to find a suitable definition of scaffold for a special Legendrian submanifold with boundary and to prove a corresponding result with Lemma 5 of [1] , Lemma 3.1. For the former we propose and study it in Section 2. The proof of the latter will be given in Section 3 and is more troublesome because we need to use not only contact neighborhood theorem but also symplectic neighborhood theorem. In Sections 4 and 5, we complete the proofs of Theorems 1.1 and 1.2 respectively.
Preliminaries

2.1.
Contact Calabi-Yau manifolds and special Legendrian submanifolds. Let (M, α) be a contact manifold with contact distribution ξ = ker α and Reeb vector field R α . Then κ := dα/2 restricts a symplectic vector bundle structure on ξ → M , κ| ξ , and every compatible complex structure J ∈ J (ξ, κ| ξ ) gives a Riemannian metric g J on the bundle ξ → M , g J (u, v) = κ(u, Jv) for u, v ∈ ξ. By setting J(R α ) = 0 we can extend J to an endomorphism of T M , also denoted by J without special statements. Clearly
is a Riemannian metric g on M , where I is the identity endomorphism on T M . Define a Nijenhuis tensor of J by 
for any section Y : L → p * ξ, where the star operator ⋆ is computed with respect to p 
, and (iii) the bundle ξ ′⊥ is trivial, where ξ ′⊥ is the symplectically orthogonal complement of ξ ′ in (ξ| W , κ| ξ|W ).
Given a contact manifold (M, α) let J and g be as in (2.1). Denote by ⊥ g orthogonal with respect to the compatible metric
Proof. For x ∈ W , since ξ ′⊥ x ⊂ ξ x and J x restricts to a complex structure ξ x we have
This implies Jξ
Moreover, both Jξ ′⊥ and ξ ′⊥ are contained in ξ| W , and ξ is J-invariant. It is easy to check that Jξ
Proposition 2.5. Let L be a Legendrian submanifold of the contact manifold (M, ξ = ker α) with (nonempty) boundary ∂L and W be a scaffold for L. Then ∂L is a Legendrian submanifold of (W, ξ ′ ).
Moreover the definition of the scaffold implies that T ∂L ⊂ T ∂L W and thus
This shows that the boundary ∂L is a Legendrian submanifold of (W, ξ ′ ).
Under the assumptions of Proposition 2.
⊥g and thus
then the corresponding deformation vector field V satisfies Neumann boundary condition:
Constructing a new metric
In the study of the deformation of the special Legendrian submanifold L without boundary by Tomassini and Vezzoni [17] , the deformations of L are parameterized by sections of the normal bundle N (L) using the exponent map exp(V ) : L → M . However, in our case, since W is generally not totally geodesic submanifold, it cannot be assured that the image of ∂L under exp(V ) sits in W . In order to fix out the problem we shall follow the ideas in [1] to construct a new metricĝ such that the image of ∂L under the corresponding exponent map is contained in W , that is, such that W is totally geodesic. The following is an analogue of [1, Lemma 5] .
Lemma 3.1. Let L be a compact Legendrian submanifold of the contact manifold (M, J, α) with (nonempty) boundary ∂L and W be a scaffold for it of codimension two. Then there is a neighborhood U = U(∂L, M ) of ∂L in M and a contact embedding φ : U → R × T * (∂L) × R 2 such that the following conclusions hold:
for any p ∈ ∂L, where (s 1 , s 2 ) the coordinate
Note that the conclusion (iv) is slightly weaker than the corresponding one of [1, Lemma 5(4)]. It is sufficient for us to construct a suitable metric in Proposition 3.2. Even so our our proof uses not only contact neighborhood theorem but also symplectic neighborhood theorem in contrast with the proof of [1, Lemma 5(4)]. It is a key of our proof.
Proof of Lemma 3.1. Since ∂L is a compact Legendrian submanifold of R×T * (∂L) without boundary, from the Neighborhood Theorem for Legendrian (cf. Corollary 2.5.9 in [4] ) it follows that there exists a contactomorphism φ 0 from a neighborhood U 0 (∂L, W ) of ∂L in W to one V 0 (0 ∂L ) of the zero section of T * (∂L) in
Fix a Riemannian metric on the bundle T * (∂L), and then take a sufficiently small ǫ > 0 such that
We get another neighborhood of ∂L in W , Assume that s 1 , s 2 are the coordinate functions of R 2 . We have a contact form on 5) whose Reeb vector field is given by R β = ∂/∂t. Denote by (ker(β)) ⊥ the symplectically orthogonal complement of ker(β) in ker(β) (with respect to dβ). It is easily checked that it is equal to the trivial bundle
Since ξ ′⊥ is trivial we can pick two vector fields V 1 , V 2 such that V 1 , V 2 form a basis of ξ ′⊥ and satisfy dα(V 1 , V 2 ) = 0. There exists an obvious symplectic vector bundle isomorphism
given by
for any x ∈ M ′ 0 . By Theorem 2.5.15 of [4] , we may extend φ 0 into a contacto- 
where 0 < ε ′ < ε and δ > 0, and
By suitably shrinking U(M ′ 0 ) and U(M ′ 1 ) if necessary, we can require
) and φ 1 satisfy the conditions (i)-(iii) in Lemma 3.1. For (iv) we need to modify φ 1 and U(M ′ 0 ). Since φ 1 is a contactomorphism,
.
It follows that there exist smooth real functions f 1 , f 2 : W 0 → R such that
for any x ∈ W 0 . Take ǫ > 0 sufficiently small so that
Consider the compact symplectic submanifold of
Its symplectic normal bundle is Span ∂ ∂s 1 , ∂ ∂s 2
Sǫ
, and φ 1 * (V ) restricts to a nowhere zero smooth section 
1 From the proof of [9, Th.3 .30] it is not hard to see that the theorem still holds if compact symplectic submanifold Q j have boundary and Q j ⊂ Int(M j ).
such that ϕ(p) = p and dϕ(p) = Ψ p (3.11)
for any p ∈ S ǫ . In particular, we have
Since (3.5) implies
must be a contactomorphism with respect to the induced contact structure from
such that the condition (iii) is satisfied. By (3.8) and (3.11) it is easy to see that (i) is satisfied for φ and U, i.e.
From (3.1) it follows that φ(∂L) = {0} × ∂L × {0, 0}. That is, (i) holds. Finally, (3.12) implies that φ satisfies the condition (iv), i.e.
As in [1] , with Lemma 3.1 we may construct the desired metricĝ as follows.
Step 1. Recall that N the unit normal vector field of ∂L in L. Let U and φ be as in the Lemma 3.1 with φ * (N (p) 
for any p ∈ ∂L. By Lemma 3.1(iii) we may define a metric g ′ on φ(U) as follows:
Step 2. Consider the metric g 1 := φ * g ′ on U. Take a neighborhood V of ∂L in M such that the closure of V is contained in U. Let ρ : M → R be a smooth function such that ρ = 1 on a neighborhood V, and ρ = 0 outside U. We then define the metricĝ byĝ := ρg ′ + (1 − ρ)g.
The following two propositions correspond to Propositions 6 and 7 in [1], respectively. Proposition 3.2. For the neighborhood V of ∂L in Step 2, W ∩V is totally geodesic with respect to the metricĝ.
Proof. For any p ∈ W ∩ V, Lemma 3.1 gives a local contact coordinate system around it,
such that
• for some smooth function h : O(p) → R it holds that 14) and the Reeb field 
It is easily computed that
So the second fundamental form of W ∩V with respect toĝ vanishes, that is, W ∩V is totally geodesics.
Proposition 3.3. Let L be a compact Legendrian submanifold with boundary of the contact manifold (M, α), and let W be a codimension two scaffold for L. Denote by N (L) the normal bundle of L with respect toĝ. For p ∈ ∂L, suppose that V ∈ N p (L) satisfy the boundary condition
Proof. For any point p ∈ ∂L, take the local coordinate system around it as in the proof of Proposition 3.2. By composing with a suitable linear contactomorphism of form
we may assume that ∂ ∂z 1 p , · · · , ∂ ∂z n−1 p forms a basis of T p ∂L, and that they are also orthogonal to vectors
with respect toĝ. (Note: Such a transformation does not change the Reeb field, i.e. we have still R α = ∂ ∂t .) Since the normal vector N of ∂L in L in the local coordinate system is equal to
It is easy to see that for some λ ∈ R the vector fields
By (3.14) it is easy computed that
Note that s 1 = s 2 = 0 at p. It follows from (3.17)-(3.18) that be h | p = 0 and thus b = 0. This showsV = a n ∂ ∂z n p
Clearly, whenV = 0 we have alsoV / ∈ T p ∂L. Let us start with a brief review of notations in Hodge theory (cf. [12, 15] for details) and then proceed to the proof of Theorem 1.1.
) denote the space of r-forms of class W k,p (resp. C k,a ) as usual (cf. [12, 15] ). Each form ω of them has a "tangential component" tω and a "normal component" nω by Lemma 4.2 of [11] , where ⋆ is the Hodge star operator of the metricĝ. Set
By the definition of the co-differential δ, for any r-form ω it holds that
). Since the exponent map exp of the metricĝ is a local diffeomorphism, (by Tubular Neighborhood Theorem) the sufficiently small neighborhood of the zero section of N (L) satisfying the boundary condition corresponds to the deformations of submanifold L with boundary ∂L confined in W in one-to-one way.
Let C 2,a (Γ( N (L))) denote the Banach space of C 2,a -sections of the bundle N (L). Define the Banach space
and denote by U a neighborhood of 0 in X . Let exp be the exponent map of the metricĝ.
It is C 1 as done in [1, 17] . Clearly, exp V is homotopic to the inclusion j : L ֒→ M via exp tV , and hence they induce the same homomorphisms between the de Rham cohomology groups. It follows that the de Rham cohomology classes
This shows that
Consider F as a map to
To compute the differential of F at 0, for V ∈ X we set f = α(V ) and
p for any p ∈ ∂L, and so f (p) = 0 ∀p ∈ ∂L. Now V = f R α + Y . By the Cartan formula one can compute the linearization of F at 0,
(4.5)
Here the fifth equality comes from (2.2). In order to show that F ′ (0) is surjective, we need to write each
as a convenient form. Note that t(dω) = d(tω) and n(δω) = δ(nω) for any [11, Th.5.7, 5.8] or [12, Th.7.7.7, 7.7 .8] we may write ζ = δ n γ ′ + dγ ′′ + h(ζ), where
Moreover (4.2) and t(dω) = d(tω) imply
where
To this goal, consider the symplectic vector bundle (ξ| L , dα| ξ|L ) with a La-
Note that ω may be viewed as a section of the bundle Hom(T L, R). We may extend it into a section of Hom(ξ| L , R),ω, by defininĝ
In fact, for any p ∈ L and u ∈ T p L it holds that
This implies j * (ι Z2 dα) = ω. In summary we have proved:
is satisfied. Moreover, Z is also of class C 1,a . As a consequence the map F ′ (0) is surjective.
Next let us compute ker(F ′ (0)). Let V ∈ X sit in ker(F ′ (0)). As above we may write
From (4.8) we get
= δdf because of (4.9). Hence △f = 0. By Proposition 3.3 the boundary condition dα(N, V | ∂L ) = 0 implies V (p) ∈ ξ ′ p ⊂ ξ p for any p ∈ ∂L, and thus f | ∂L = 0. Since ∂L is a non-empty closed manifold, the maximum principle leads to f ≡ 0. Hence V = Y . By (4.8) we have
Combing this with Claim 4.1 we prove that the differential
is a Banach space isomorphism. The inverse function theorem implies that there exists a neighborhood of 0 in X , U 0 ⊂ U , such that F −1 (0) ∩ U 0 = {0}. This completes the proof of Theorem 1.1.
The proof of Theorem 1.2
Let R α denote the real line bundle generated by R α | L . Then the normal bundle of L with respect to the metric g, N (L), is equal to R α ⊕ g JT L. For a small section V : L → N (L), the exponent map of g yields a map exp V : L → M, x → exp x (V (x)).
Thus there exists a neighborhood V of 0 in
so that the following map is well-defined:
It is C 1 ([17]), and Im(G) ⊆ C 1,a Ω 1 (L) ⊕ dC 1,a Ω n−1 (L) as above since exp V is homotopic to the inclusion j : L ֒→ M via exp tV .
Considering G as a map to C 1,a Ω 1 (L) ⊕ dC 1,a Ω n−1 (L), and writing V = JX + f R α , we may get
as above. Moreover, each (η, dζ) ∈ C 1,α Ω 1 (L) ⊕ dC 1,α Ω n−1 (L) may be written as (η, dζ) = (dχ+ω, −d⋆ω), where χ and ω are as in (4.6). Take f = χ, and one easily find X ∈ C 1,α (Γ(T L)) such that j * (ι JX dα) = ω. Clearly, such a V = f R α + JX satisfies α(V )| ∂L = 0. Hence G ′ (0) is surjective. Assume that V = f R α + JX sits in ker(G ′ (0)). Then f and JX satisfy df + j * (ι JX dα) = 0, −d ⋆ j * (ι JX dα) = 0.
It follows that △f = δdf = 0. Recall that f = α(V ) is equal to a constant c on ∂L. By the maximum principle we get f ≡ c, and hence j * (ι JX dα) = 0.
From this we derive JX = 0 as above. This prove ker(G ′ (0)) = {cR α | c ∈ R}. Hence (0, 0) is a regular value of the restriction of G to a small neighborhood of 0 ∈ V , and thus the moduli space M(L) is a 1-dimensional smooth manifold by the implicit function theorem. 
is still C 1 and has the image Im( G) ⊆ C 1,a (Λ 1 (L)) ⊕ dC 1,a (Λ n−1 (L)). From the above proof it is easy to see that G ′ (0) is surjective. If V = f R α + JX belongs to ker( G ′ (0)), we have △f = 0 as above. But ∂L is a nonempty closed manifold, by Theorem 3.4.6 of [15] each b ∈ C ∞ (∂L) corresponds to a unique f ∈ C ∞ (L) satisfying △f = 0 and f | ∂L = b. It follows that ker( G ′ (0)) must be infinitely dimensional.
Starting from a closed special Legendrian submanifold one may construct a lot of compact special Legendrian submanifolds satisfying our theorems above by Darboux theorem in contact geometry. Moreover, the corresponding problems with [1, Cor.9] and [17, Th.4.8] can also be considered similarly.
